Introduction
Let k be a field and G a finite group . For any element α ∈ H 2 (G, k * ) (k * denotes the units of k , here as a trivial G-module) we can form the twisted group algebra k α G. It is isomorphic to the group algebra as a vector space and its multiplication satisfies the rule xu σ yu τ = xyf (σ, τ )u στ
where f : G × G → k * is a 2-cocycle representing α. It is easily checked that the 2-cocycle condition satisfied by f insures the associativity of the multiplication in k α G. A projective Schur algebra over k is by definition a k-central simple algebra which is a homomorphic image of a twisted group algebra k α G for some finite group G and some α ∈ H 2 (G, k * ). Equivalently, a k− central simple algebra A is a projective Schur algebra (over k) if it contains a subgroup Γ of the units of A, which is finite modulo k * and spans A as k-vector space. We often use the notation k(Γ). Clearly a projective Schur algebra over k determines an element in the Brauer group Br(k) of the field k . The subgroup in Br(k) generated by (and in fact consisting of) such elements is called the projective Schur group of k and denoted by P S(k). The notions of projective Schur algebra and projective Schur group were introduced in [6] by Lorenz and Opolka. This construction can be viewed as the projective analogue of Schur algebras and the Schur group (denoted by S(k)) of the field k. (See [10] )
It is natural to restrict attention to special types of groups G. Our interest here is in k-central simple algebras that are homomorphic images of twisted group algebras k α G with G nilpotent (resp. abelian) (see [6] ). We call these algebras "projective Schur algebras of nilpotent type (resp. abelian type)". Clearly, as above, these algebras represent classes in Br(k) and we denote by P N il(k) ( resp. P Ab(k)) the subgroup they generate. In [6] it is shown that if k is a number field and n is the number of roots of unity in k then P Ab(k) = n Br(k), where n B denotes the n-torsion subgroup of B. More generally, since a symbol algebra of degree n over k is a homomorphic image of (and even isomorphic to) a twisted group algebra of the form k α (Z/n×Z/n), it follows from [7] that for any field k, n Br(k) is contained in P Ab(k) whenever k contains a primitive n-th root of unity. We will prove a reverse inclusion, which shows that the above equality P Ab(k) = n Br(k) holds for any field k containing exactly n roots of unity.
1.1. Theorem. Every projective Schur algebra of abelian type is isomorphic to a full matrix algebra over a tensor product of symbol algebras.
Returning to number fields, in [6] it is shown that if k contains the p th roots of unity then P N il(k) contains Br(k) p , the p-primary component of the full Brauer group, whereas if k does not contain the p th roots of unity, then P N il(k) ∩ Br(k) p = 0. The latter result holds for an arbitrary field (see Theorem 1.7 below), but in the case that the p th roots are present in k, P N il(k) p may be a proper subgroup of Br(k) p . (An example is given in [3] of a field k which contains the p r th roots of unity but P S(k) p and therefore P N il(k) p is properly contained in Br(k) p ). This of course opens up the problem of possible characterizations of P N il(k) and more generally of P S(k) (e.g. by means of group cohomology). The main object of this paper is to show that every element in P N il(k) may be represented by a certain type of crossed product algebra called a "radical algebra" (Theorem 1.2) and to use these algebras in order to give a description of P N il(k) by means of cohomology (Theorem 1.6).
To recall the construction of a radical algebra let K/k be a finite extension. Let A denote the torsion subgroup of K * /k * and let A be the preimage in K * . Thus A consists of all elements in K * of finite order modulo k * . Let k(A) be the subfield spanned by A.
We say that K/k is a radical extension if K = k(A). A central simple k-algebra B is called a radical algebra if it can be written as a "radical crossed product", i.e. a crossed product algebra (K/k, b ), where K = k(A) is a radical extension of k (A as above) and b has a representative whose values lie in A (i.e. of finite order modulo k * ).
Note that a crossed product algebra B = (K/k, b ) is radical if and only if there is a group extension b:
* /k * is finite, and b is the image of b under the map induced by inclusion N → K * . (We refer to the extension b as an associated extension of the radical algebra B). It is therefore clear that every radical algebra is a projective Schur algebra.
1.2. Theorem. Every element in P N il(k) can be represented by a radical algebra.
1.3. Theorem. Every element in P N il(k) p may be represented by a radical algebra
This gives further evidence for the truth of 1.4. Conjecture [2] . Every element in P S(k) can be represented by a radical algebra.
Let Rad(k) denote the subgroup of Br(k) generated by classes that may be represented by radical algebras.
We interpret the subgroup Rad(k) (and conjecturally P S(k)) cohomologically. Let k rad be the maximal radical extension of k (in an algebraic closurek) and let G rad be the Galois group of k rad /k. Clearly, k rad contains µ, the group of all roots of unity ink . Moreover µ is G rad -invariant so we can consider H 2 (G rad , µ).
In other words there exists a commutative diagram
where φ is surjective.
(G k is the absolute Galois group of k).
As a consequence of Theorem 1.2 we have a similar cohomological characterizaion of P N il(k). Let T p be the subgroup ofk 
1.7. Theorem. If k does not contain the p th roots of unity, then P N il(k) p = 0.
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Two reductions
Let k(Γ) be a projective Schur algebra of nilpotent type over k , so Γ is nilpotent and Γk * /k * finite. First we consider reduction to projective Schur algebras k(Γ) where Γk * /k * is a p−group, and char(k) is zero or prime to p. We call these algebras "Projective Schur algebras of p− type" . With this reduction in hand we will then reduce further to projective Schur algebras k(Γ) with the following property: if H is a normal subgroup of Γ, then the subalgebra k(H) of k(Γ) generated by H is simple (in general it can be semisimple).
We begin with the following lemma, in which part (b) is a special case of [8] . Its proof is much simpler so we include it here.
2.1. Lemma. (a) Let k be a field of characteristic p and P a p-group. If A is a projective Schur algebra over k which is the homomorphic image of k α P , then A = k and α is the trivial cocycle.
(b) More generally, let A = k(Γ) be a projective Schur algebra over k which is the homomorphic image of a twisted group algebra k α G, G nilpotent. If the characteristic of k is p > 0, then A is the homomorphic image of k res(α) H, where H is the product of the Sylow p subgroups of G, p = p, and res(α) is the restricted cohomology class.
(c) Every projective Schur algebra A over k of nilpotent type has a (finite) set of commuting subalgebras {A(i)}, central over k and of p− type, which generate A.
(To see the latter: on the one hand, raising to the |P |th power annihilates H 2 (P,k * ). On the other hand, since char(k)=p, raising to the |P |th power is an isomorphism ofk * onto itself, which induces an isomorphism from H 2 (P,k * ) onto itself.)
It follows that k ⊗ k A is a homomorphic image of kP, and being simple it must be k itself [4, p. 14] . This implies A = k and by [1] α is trivial already in k * . (Proof: let {u σ } be a system of coset representatives of P in k α P , and let
To prove (b) and (c), let P (1), ..., P (r) be the Sylow subgroups of G for the different primes. We have
. Let u σ and u τ be elements in R that correspond to σ and τ in P (i) and P (j) respectively, i = j. Since σ and τ commute in G, the commutator of u σ and u τ in R lies in k * , and since u σ and u τ have finite order mod k * , one sees that this commutator is a root of unity. Furthermore, this root must be 1 since the orders of σ and τ (in G) are coprime. Hence u σ and u τ commute in R. Consequently, we have k
Let A be a k-central simple algebra which is a homomorphic image of R and denote by A(i) the image of k α(i) P (i). Since k α(i) P (i) centralizes the other components in R , the image A(i) centralizes A(j) for j = i. It follows that the center of A(i) is contained in the center of A and therefore it must be k for all i. This shows that A(i) is cental simple over k and of p-type. Assume now that chark=p and that P (j) is a p-group. By the first part of this lemma, A(j) = k and therefore we can omit the j-th component from R. Finally, it is clear that the A(j) generate A. Part (c) is now clear. This completes the proof of the lemma.
Lemma.
Let A be a projective Schur algebra over k of nilpotent type. Then A is the tensor product (over k) of projective Schur algebras of p−type.
Proof. Let A be the homomorphic image of a twisted group algebra k α G, G nilpotent. By the lemma we can assume that if chark = p then G is a p group. Furthermore A is the product of subalgebras A(1), ..., A(r) each one central simple over k and of p−type. We claim that any A(i) has a complement in A which is a projective Schur algebra of nilpotent type, i.e. for every A(i) there exists a k− projective Schur subalgebra of nilpotent type B(i) such that A = A(i) ⊗ k B(i). This is a special case of the next lemma, which is essential in the whole paper. The proof is then completed by induction on the dimension of A (as a k-vector space). Alternatively, one can complete the proof by showing directly that the centralizer of A(i) in A is generated by the A(j), j = i.
We will call a projective Schur algebra k(Γ) nonmodular if either chark=0 or if Γ can be chosen so that the order of Γk * /k * is prime to p=chark.
Factorization Lemma.
Let k(Γ) be a non modular projective Schur algebra over k. Let H be a normal subgroup of Γ with k(H) central simple over k. Then there exists a projective Schur subalgebra
Furthermore, if k(Γ) is of nilpotent type then one can choose U so that k(U ) is also of nilpotent type; in fact U can be chosen to be a subquotient of Γk * /k * .
Proof. Let s be an element in Γ which is not in k(H). (We may assume k(H) = k(Γ).)
The element s normalizes H and hence normalizes k(H). Since the latter is central simple over k, the Skolem-Noether theorem implies that there exists an element e(s) in k(H) * such that s −1 e(s) centralizes k(H). Clearly, s and e(s) commute in k(Γ), and since s is of finite order modulo k * , e(s) and therefore s −1 e(s) is of finite order modulo k * . Let U be the centralizer of 
, so repeating the argument above, we get an element s −1 e(s) ∈ k(H) * Γ which centralizes k(H), and lies outside U . Then we can strictly enlarge the subgroup U to U, s −1 e(s) contradicting the maximality of U .
The last piece of information needed to reduce Theorem 1.2 to algebras of p−type is 2.4. Lemma. Let A and B be radical algebras over k. Then A ⊗ k B is equivalent to a radical algebra.
Let F be the composite of K and L in an algebraic closure of k. This is a radical Galois extension spanned by the group HN (in fact by their embeddings in the composite). Denote its galois group by Q. The crossed products (F/k, Q, inf(α) and (F/k, Q, inf(β)) are (Brauer) equivalent to k(Γ) and k(Λ) respectively (inf denotes the inflation map). But (F/k, Q, inf(α) For the proof of Theorem 1.1 we will need an abelian version (rather than nilpotent) of Lemma 2.2.
We say that a projective Schur algebra k(Γ) is of p-abelian type if Γk * /k * is an abelian p−group (as above, we may assume p is prime to chark if this is finite).
2.6. Lemma. Every projective Schur algebra of abelian type is the tensor product of projective Schur algebras of p-abelian type.
Proof. Similar to the proof of Lemma 2.2, observing that in the Factorization Lemma 2.3, U can be chosen as a subquotient of Γk * /k * , hence abelian if Γk * /k * is abelian.
For the second reduction we will make use of [2] .
2.7. Proposition. a) Let k(Γ) be a projective Schur algebra and let H be a normal subgroup of Γ which contains the commutator subgroup Γ of Γ. Then k(H) is semisimple. Furthermore, if it is not simple (with say n simple components) then
is non modular (i.e. chark does not divide the order of Γk * /k * ) then (a) holds for any normal subgroup H of Γ, without the assumption H ⊇ Γ . c) If k(Γ) is of nilpotent type then so is k(Σ). The same holds with "nilpotent type" replaced by "p-type", "abelian type", and "p-abelian type", respectively. d) Every projective Schur algebra k(Γ) of nilpotent type is Brauer equivalent to a reduced algebra of nilpotent type (by definition an algebra k(Σ) is reduced if for every normal subgroup H of Σ, the corresponding subalgebra k(H) is simple). The same holds with "nilpotent type" replaced by "p-type", "abelian type", and "p-abelian type", respectively. Combining 2.2, 2.6, and 2.7, we obtain 2.8. Proposition. a) Every projective Schur algebra over k of nilpotent type is Brauer equivalent to the tensor product of projective Schur algebras over k which are reduced and of p−type.
(b) Every projective Schur algebra over k of abelian type is Brauer equivalent to the tensor product of projective Schur algebras over k which are reduced and of p-abelian type.
We can replace Proposition 2.5 by 2.9. Proposition. If Theorem 1.2 holds for every reduced projective Schur algebra of p−type, then Theorem 1.2 holds in general.
Proofs of the main results
We start with algebras of abelian type and the proof of Theorem 1.1. Recall that a symbol (a, b) n over k is a k-algebra generated by elements x and y where x n = a, y n = b, yx = ζxy where a, b, ζ are in k * , and ζ is a primitive n−th root of unity. It is well known that (a, b) n is central simple over k. Moreover, as mentioned above, it is a projective Schur algebra of abelian type (the spanning group is Γ = x, y ).
Proof of Theorem 1.1.
It is sufficient to show that if n = p r u, p u, then P Ab(k) p ⊂ p r Br(k). Let k(Γ) be a projective Schur algebra over k with Γk * /k * abelian. By Proposition 2.8 we may assume Γk * /k * is a p−group and furthermore k(Γ) is reduced. If Γ ⊂ k * there is nothing to prove. Otherwise Γk * /k * is nontrivial. Note that Γk * /k * cannot be cyclic, for then Γ would be abelian, so k(Γ) would be a proper field extension of k and certainly not k-central simple. Assume by induction the theorem is true for algebras of dimension (over k) < dim k(Γ). Let Γk * /k * ∼ = Z p r 1 × · · · × Z p r t and let g 1 , ..., g t be generators . Let u g 1 , . .., u g t be elements in Γ that are mapped to the g i under the natural map. Observe that since g i and g j commute, u g i u g j u −1
s ij th root of unity contained in k. Clearly p s ij ≤ min(p r i , p r j ). Let us reorder the components 1, ..., t to satisfy the following "lexicographic" rule: 1) r i ≥ r j for i > j, and 2) if r 1 = r 2 = · · · = r m , m ≥ 3, then s 12 ≥ s 1j , j = 3, ..., m.
Claim: (a) r 1 = r 2 , and (b) u g 1 and u g 2 generate a symbol algebra over k of degree p r 1 .
To prove (a) note that if r 1 > r j , the elements u
and u g j commute. In particular if r 1 > r j for all j > 1, the element u
To prove (b) we wish to show that s 12 = r, for then the subalgebra generated by u g 1 and u g 2 is a symbol algebra over k (note that it must be simple since k(Γ) is reduced). The argument is then completed by the Factorization Lemma 2.3. Indeed, if s 12 < r, our ordering implies s 1j < r for all j and again u
Proof of Theorem 1.2. The theorem asserts that every projective Schur algebra k(Γ) of nilpotent type is Brauer equivalent to a radical algebra. The proof is by induction on dim k k(Γ). By Proposition 2.9, we may assume that k(Γ) is reduced of p-type. Let S = Γk * /k * (a p-group). Let α be the 2-cocycle determined by the extension
The projective Schur algebra k(Γ) is the homomorphic image of k α S. Note that nontrivial elements in S are mapped to noncentral elements in k(Γ) i.e. outside k.
To avoid vacuous statements, we will assume S is not trivial. We consider first the case when the commutator subgroup S of S is cyclic. In this case, Γ k * /k * = S so Γ , being central-by-cyclic, is abelian, and the proof is dealt with by the following proposition.
3.1. Proposition. Let k(Γ) be a reduced projective Schur algebra over k. If the commutator subgroup Γ of Γ is abelian, then k(Γ) is isomorphic to a radical algebra.
Remark. If as above, (a, b) n is a symbol algebra generated by x, y with x n = a, y n = b, then (a, b) n = k(Γ) with Γ = x, y , and Γ ⊂ k * . Then by Proposition 2.7, k(Γ) is isomorphic to a matrix algebra M d (k(Σ)), where Σ is a quotient of a subgroup of Γ, k(Σ) is a reduced projective Schur algebra, and as is easily checked, Σ ⊂ k * . Hence by Proposition 3.1, k(Σ) is a radical algebra, so (a, b) n is similar to a radical algebra. It is in fact easy to show directly that (a, b) n is a matrix algebra over a reduced symbol algebra over k.
Proof of Proposition 3.1. Let N be a maximal abelian subgroup of Γ that contains Γ . Clearly, N is normal so the subalgebra K = k(N ) must be a field (k(Γ) is reduced).
We claim G = Γ/N acts faithfully on K. If not there is an element u σ in Γ \ N that centralizes K. This violates the maximality of N since N, u σ is abelian and strictly contains N . Finally, the fixed field K G in K must be k since the center of k(Γ) is precisely k. Thus k(Γ) ∼ = (k(N )/k, β ), a crossed product algebra where the cocycle class β in H 2 (G, K * ) is determined by the extension
i.e. is the image of an element β ∈ H 2 (G, N ), as desired.
Resuming the proof of Theorem 1.2, we assume from here on that S is noncyclic. Let Z(S) denote the center of S. It intersects S nontrivially. Similarly, the p-torsion
. Note that N and p N are characteristic in S.
Claim I. Res S α and therefore Res N α may be represented by a 2-cocycle with values that are p-power roots of unity.
Indeed, Γ is central-by-finite, so the commutator subgroup Γ is finite [9, p. 443 ]. But Γ k * /k * = S and so the values of the cocycle given by the extension
are roots of unity. Since S is a p-group we may assume these values are p-power roots of unity. Claim II. k contains a nontrivial p-th root of unity. Assume k has no nontrivial p-th roots of unity. In this case the twisted group algebra k
Res N α N = kN and therefore its image k(N ) in k(Γ) is commutative. Note that the group N is normal in Γ so by the hypothesis k(Γ) reduced, the subalgebra k(N ) is simple. This means that k(N ) is a field, forcing N to be a cyclic group. Let b be an element in N of order p. It generates a characteristic subgroup of N and therefore normal in Γ. Furthermore the element b is not in k so k(b) is a field which strictly extends k. This shows that its degree d is greater than 1 and divides p − 1. Next note that the group Γ (and similarly S) acts on the field k(b) (via its action on b )). Moreover , the fixed field must be k since k(Γ) is k-central. This is of course impossible since S is a p-group, which proves Claim II, so k contains a nontrivial p-th root of unity.
As before we consider p N = p (Z(S) ∩ S ). Case 1. p (Z(S) ∩ S ) is not cyclic, i.e. isomorphic to the elementary abelian group Z p × ... × Z p of rank r > 1. Let (σ i ), i = 1, ..., r be generators. We claim that σ 1 and σ 2 (similarly for any two generators) "do not commute in the algebra". More precisely, if u σ 1 and u σ 2 are elements in Γ which are mapped to σ 1 and σ 2 by π, then their commutator is not trivial and therefore a primitive p−th root of unity in k. Assume they commute. Then the algebra K they generate over k is commutative. Furthermore, these elements, together with k * , generate a normal subgroup of Γ, so the subalgebra K must be simple and hence a field. To show this is impossible recall that the restriction of the cohomology class α on S has a finite representative. This says that for i = 1, 2, u p σ i = ζ i , where ζ i is a primitive p r i root of unity in k. In particular, K * contains a finite, noncyclic, abelian group which is not possible. On the other hand if the elements u σ 1 and u σ 2 do not commute, they generate a simple algebra and therefore a k-central simple algebra of dimension p 2 . It is isomorphic to the symbol algebra (ζ 1 , ζ 2 ) p . Now, by the factorization lemma we can factor k(Γ) into the tensor product of (ζ 1 , ζ 2 ) p and a projective Schur algebra of smaller dimension (of p−type). An application of Lemma 2.4 then completes the proof in Case 1.
Case 2. p N is cyclic (of order p). Denote this group by C(0). It is characteristic in S so we can form the groups S/C(0), S /C(0). As above we consider the intersection C(1) = p (Z(S/C(0))) ∩ S /C(0) and let C(1) be its lift in S. We wish to show that either C(1) is cyclic (of order p 2 ) or that we can factor off a symbol algebra over k. More generally, this will be the first step of an inductive argument so let us assume that the groups C(1), ..., C(r − 1) obtained in this way are cyclic of order p 2 , ..., p r respectively and let C(r) be the lift in S of C(r) = p (Z(S/C(r − 1))) ∩ S /C(r − 1) .
Main Claim. Either the group C(r) is cyclic or a symbol algebra of degree p can be factored from k(Γ).
Assume C(r) is not trivial and let σ be an element in C(r) of order p. It is in Z(S/C(r − 1)) so the cyclic subgroup of order p it generates is normal there and therefore its lift P to S is normal in S. Let us examine the group P in detail. Note that it has a cyclic subgroup C(r − 1) of index p. The structure of such groups is completely known (see for example [5, p. 98] ):
Note that P contains a characteristic subgroup (and hence normal in S) isomorphic to P (0) := Z p × Z p . The values of the cocycle α restricted to P (0) are p−th roots of unity, so P (0) generates a symbol subalgebra of dimension p 2 or a field (since it must be simple). The case of a field is excluded exactly in the same way as we did before. If it is a symbol algebra it can be factored by the factorization lemma and the dimension is reduced by p 2 .
Case 2. P = Z p r Z p (semidirect product) , r ≥ 2 . If σ and τ are the generators of Z p r and Z p , respectively, then without loss of generality τ στ −1 = σ (1+p r−1 ) . Note that τ fixes σ p and so the subgroup generated by σ p r−1 and τ is isomorphic to Z p ×Z p .
Denote this group by H. If p is odd or p = 2 and r ≥ 3 then H contains all elements in P of order p so it is characteristic in P and therefore normal in S. We can proceed then as in Case 1. If p = 2 and r = 2 then P is dihedral of order 8 and is one of the cases considered below. If p = 2 there are 3 extra families, the dihedral groups, the semidihedral groups and the generalized quaternion groups. We now show that these cannot occur.
Case 3. Let us rule out first the dihedral and semidihedral groups. Let P be one of the groups with the following presentation: σ, τ : σ
r−1 ) , r ≥ 3. Note that the cyclic subgroup C generated by σ is the unique cyclic subgroup of index 2 in P . This of course implies that C is characteristic in P and therefore normal in S. S acts on C as an abelian group because Aut(C) is abelian, so S acts trivially, i.e. centralizes C. Since P ⊂ S , P centralizes C. This leads to a contradiction, since C Z(P ).
Case 4. Assume now P is isomorphic to the generalized quaternion group of order 2 r+1 . If r ≥ 3, then P is cyclic of order 2 r−1 ≥ 4, hence not central, since the center of P has order 4. As in the previous case, P is normal in S, which acts as an abelian group on P , so S together with its subgroup P , centralizes P , contradiction.
If P is the quaternion group of order 8, then S acts on P as a subgroup of Aut(P ) ∼ = S 3 , and since S is a 2-group, S acts as a subgroup of Sylow 2-subgroup of S 3 , hence as an abelian group, so S together with its subgroup P acts trivially on P . But P is nonabelian, contradiction.
At this point we can summarize and say that the group P is either cyclic of order p r+1 or we can factor a symbol algebra of degree p and are therefore done by induction on the dimension of k(Γ). So let us assume now that P is cyclic of order p r+1 . Recall that the group P was obtained as the inverse image of a nontrivial element σ in C(r). Clearly, our argument shows that we can assume the inverse image in S of every element in C(r) generates a cyclic group. It follows that the maximal elementary abelian subgroup in C(r) must be cyclic. Now, for p odd, this implies C(r) is cyclic and for p = 2, C(r) is either cyclic or generalized quaternion. The case of generalized quaternion case can be ruled out exactly as shown in Case 4 above. This completes the proof of the Main Claim.
To complete the proof of Theorem 1.2, let us assume that all the groups C(r) are cyclic. Clearly, this process will terminate precisely when C(n) happens to be trivial for some n. By construction this will occur if and only if S is a cyclic group, and the theorem has already been proved in this case.
We have shown that every projective Schur algebra, reduced and of p−type, is isomorphic to a tensor product of symbol algebras and a radical algebra, so we are done by the remark following Proposition 3.1 and Lemma 2.4. Theorem 1.3 follows easily now: Proof: Let k(Γ) be a projective Schur algebra of nilpotent type. By Lemma 2.2 it is equivalent to the tensor product of reduced algebra of p−type. From the proof of Theorem 1.2 it is clear that if Γk * /k * is a p−group then k(Γ) is isomorphic to the tensor product of radical algebras (k(N )/k, β) where Gal(k(N )/k) is a p−group.
We now prove Theorem 1.7. Let k be a field with no non trivial p−th roots of unity and let k(Γ) be a projective Schur algebra representing an element in P N il(k) p . From Theorem 1.3 we see that we can assume that Γk * /k * is a p−group and by Claim II in the proof of Theorem 1.2 it follows that this is possible only if Γ ⊂ k * , i.e. P N il(k) p = 0.
Finally we prove Theorem 1.6. Here, we are assuming that the field k contains non trivial p − th roots of unity, so Gal(k(T p) /k) is a pro-p group. Furthermore each element in H 2 (G(k(T p )/k), µ) gives rise to a radical algebra k(Γ) = (k(N )/k, β) with Γk * /k * a p−group. It is clear that such k(Γ) represents an element in P N il(k) p defining the map φ. The fact that φ is surjective is proved exactly in the same way as Proposition 1.5.
